Topologically protected superfluid phases of 3 He allow one to simulate many important aspects of relativistic quantum field theories and quantum gravity in condensed matter. Here we discuss a topological Lifshitz transition of the effective quantum vacuum in which the determinant of the tetrad field changes sign through a crossing to a vacuum state with a degenerate fermionic metric. Such a transition is realized in polar distorted superfluid 3 He-A in terms of the effective tetrad fields emerging in the vicinity of the superfluid gap nodes: the tetrads of the Weyl points in the chiral A-phase of 3 He and the degenerate tetrad in the vicinity of a Dirac nodal line in the polar phase of 3 He. The continuous phase transition from the A-phase to the polar phase, i.e. in the transition from the Weyl nodes to the Dirac nodal line and back, allows one to follow the behavior of the fermionic and bosonic effective actions when the sign of the tetrad determinant changes, and the effective chiral space-time transforms to anti-chiral "anti-spacetime". This condensed matter realization demonstrates that while the original fermionic action is analytic across the transition, the effective action for the orbital degrees of freedom (pseudo-EM) fields and gravity have non-analytic behavior. In particular, the action for the pseudo-EM field in the vacuum with Weyl fermions (Aphase) contains the modulus of the tetrad determinant. In the vacuum with the degenerate metric (polar phase) the nodal line is effectively a family of 2 + 1d Dirac fermion patches, which leads to a non-analytic (B 2 − E 2 ) 3/4 QED action in the vicinity of the Dirac line.
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I. INTRODUCTION
Recent research on topological phases of matter has focused on gapless fermionic quasiparticles topologically protected in the bulk of the system. Examples include Dirac and Weyl fermions and their possible higher spin generalizations in non-relativistic condensed matter systems not constrained by Lorentz symmetry 1-3 . Such quasiparticles feature prominently in e.g. semi-metals, [4] [5] [6] topological superfluids and superconductors where they are protected by topology and/or various discrete symmetries. What sets such systems apart from other gapless (massless) fermionic systems in condensed matter and high-energy physics is the emergent quasirelativistic form of the low-energy dispersion. [7] [8] [9] The symmetries of the low-energy dispersion, i.e. the effective fermionic metric, are set by the low-energy ground state properties and background fields and thus are not typically constrained by Lorentz symmetry. Among the most striking features of such topologically protected gapless systems is the presence of quantum anomalies similar to relativistic field theories [10] [11] [12] [13] [14] [15] [16] [17] [18] and surface states with dispersionless bands, e.g. Fermi arcs 19 , drumhead states and flat bands [20] [21] [22] .
As in any fermionic theory, the coupling of the lowenergy fermions to geometry and gauge fields is through effective tetrad fields (and the spin connection). For example, the determinant of the tetrad det e may have different signs throughout the system (as dictated e.g. by global topology), but the metric and dispersion are not sensitive to this sign. On the other hand, the presence of topological terms in the effective action after the lowenergy fermions have been integrated out can make the theory anomalous under such transformations. One is therefore interested in the global spacetime symmetries P, T and other discrete symmetries of the system that can be anomalous in the low-energy quantum theory.
Here we address the question what happens if det e changes sign and the right-handed fermions continuously transform to the left-handed fermions and vice versa (i.e. not necessarily through a symmetry operation) without considering the possible anomalous or topological terms in the effective action. The relativistic analogue of such a transformation was termed "anti-spacetime" in Ref. 23 and has been considered e.g. in Refs. [24] [25] [26] . As the tetrad and metric become singular as det e crosses zero, this connects to the problem in quantum gravity over which type of singular metrics should be integrated over in the gravitational path integral 27 . Ref. 23 suggested three alternatives to this problem: (i) Anti-spacetime does not exist, and det e > 0 should constrain the gravity path integral; (ii) Anti-spacetime exists, but the action depends on |det e|, rather than on det e. (iii) Antispacetimes exists and contribute nontrivially to quantum gravity.
We consider the problem of degenerate tetrads for Weyl and Dirac fermions in superfluid 3 He in the Aand polar phases, respectively. Related to the singular tetrads, we study the resulting low-energy effective actions for the orbital degrees of freedom of the superfluid. Formally these couple to the (neutral) 3 He fermions in the form of effective 3+1d and 2+1d QED. Namely we will focus on the effective Euler-Heisenberg actions [28] [29] [30] for the orbital dynamics. In particular, for the Weyl fermions in 3 He-A, we can make a transformation to effective anti-spacetime with det e < 0 through the (topological Lifshitz) phase transition to the polar phase of 3 He, or more trivially through a continuous SO(3) rotation of the orbital angular momentum anisotropy axis in the laboratory frame (see Fig. 1 ). In the polar phase, the full 3+1d tetrad is degenerate, i.e. det e = 0, and the low-energy fermionic spectrum is characterized by a nodal line of 2+1d Dirac fermions. We then consider the singularities in the effective action which occur due to the presence of the nodal line. In this case the 3 + 1d spacetime for fermions near the Weyl point transforms to a family of 2 + 1d effective low-energy spacetimes, which leads to a non-analytic effective action for the corresponding pseudo-EM orbital fields emerging in the vicinity of the nodal line.
The transformation from chiral 3 He-A spacetime to chiral anti-spacetime through the polar phase in 3 He demonstrates that the emerging bosonic low-energy effective action does not depend on the sign of det e, instead it contains √ −g = | det e| and is therefore non-analytic in terms of the tetrad field. The transition with a degenerate tetrad also demonstrates that the original action for fermions is analytic, but it is not fully diffeomorphism invariant. It is invariant under the volume-preserving (i.e. δg = 0) coordinate transformations. By rescaling, it can be made diffeomorphism invariant, but after that it becomes non-analytic. The emergent bosonic effective action, obtained by integration over fermions, acquires the same properties: it is invariant under coordinate transformations but is non-analytic in terms of the tetrad. Depending on the details, it is possible that topological terms emerge, they are however, anomalous under discrete (or gauge) symmetry transformations. Finally, the topological Lifshitz transition associated with the change of sign of det e has been also considered in for the so-called type-III and IV interacting (or driven) Weyl fermions 31 with tilted Weyl cones in frequency space. Here we discuss this transition for the interacting (or driven) type-II Weyl fermions with a nonzero tilt of the conical dispersion in frequency [32] [33] [34] . In this case the intermediate state at the Lifshitz transition contains a degeneracy surface of the bands touching at the Weyl point instead of the nodal line in the spectrum 22, [35] [36] [37] [38] .
II. POLAR DISTORTED 3 HE-A
According to von Neumann and Wigner, 39 , in 3+1 dimensions two bands may touch each other at a point (Weyl or Dirac point of co-dimension 3) or have a band degeneracy along a line (a Dirac nodal line of codimension 2). The topological origin of the band touching is discussed e.g. in Ref. 40 . Weyl points are topologically protected by an integer valued topological invariant N 3 in momentum space, see e.g. 9 and a zerosum-rule a N 3,a = 0 of total chirality applies in the bulk of any system 10 . The existence of Weyl points requires broken P or T symmetry, while the combination P T remains a symmetry. Violation of P T symmetry leads to inflation of the Weyl points and formation of the Fermi pockets.
9,41,42 Examples of Weyl points are found in topological superfluids, superconductors and semi-metals: two spin-degenerate N 3 = ±2 Weyl points are found both in 3 He-A and in the distorted 3 He-A that break time-reversal symmetry. Similarly, the Dirac nodal line is found in the Bogoliubov spectrum of the recently experimentally discovered polar phase of 3 He 43, 44 , where the nodal line is protected by topology together with time-reversal symmetry T . Throughout the paper, we shall focus on these topological spin-triplet p-wave superfluids with gapless Dirac and Weyl fermions.
A. Weyl fermions in polar distorted 3 He-A
The spin-triplet p-wave order parameter
whered is the spin-anisotropy axis and the orbital structure is parametrized by two real and orthogonal vectors, m · n = 0. It is convienient to introduce the third unit vectorl:l
If |m| = |n| = ∆ 0 /p F , Eq. (1) describes 3 He-A with gap ∆ 0 . The chiral A-phase Cooper pairs have orbital angular momentum alongl and therefore the phase has uniaxial orbital anisotropy along this unit vector. If n = 0 (or m = 0), one has the polar phase, which is time reversal invariant. Otherwise, Eq. (1) describes the polar distorted A-phase 43 . The model, weakly-coupled Bogoliubov-de Gennes Hamiltonian corresponding to Eq. (1) for the fermionic quasiparticles is given by
where τ a are Pauli matrices in Bogoliubov-Nambu space and the spin quantum number alongd is degenerate and ignored. In the A-phase and in the polar distorted Aphase there are two Weyl points located at momenta W ± = ±p Fl in Fig.1 . The low-energy Hamiltonians for quasiparticles in the vicinity of these Weyl points, W + and W − , have the form:
where
and v F = p F /m. The BdG Hamiltonians Eq. (4) describe fermions with an effective tetrad field e k a , effective gauge field A eff , and charges q ± = ±1:
Note that the two tetrad fields e k a in Eq. (5) have the antiparallel components e ± 3 , and thus the tetrad determinants for these two Weyl fermions have opposite signs:
This means that these fermions have opposite chiralities, while they have the same effective metric g ik = e 
The chirality of fermions is determined by the orientation of the unit vectorl: The Weyl fermions at W + = +p Fl are always right-handed and the topological charge [23] [24] [25] . At this transition, the polar phase where the two fermion bands are degenerate along a line, is crossed. From the point of view of the lowenergy fermions and effective gravity, the 3+1d tetrad is degenerate with det e = 0 in the polar phase, corresponding to a nodal line of 2 + 1d spacetimes in the transverse directions in momentum space (we ignore here the tiny symmetry-breaking spin-orbit interaction which destroys the Dirac nodal line 45 ). Across this transition thel-vector changes its orientation to its opposite, W ± → W ∓ , and the chiralities at p = W + and p = W − points in momentum space change sign, compare Fig.1(a) and Fig.1(c) . In Fig. 1 (a) the point W + = p Fl is the right-handed Weyl point, while after transition in Fig.1(c) it is expressed in terms ofl as W − = −p Fl , and thus becomes the left-handed Weyl point. At e 2 = 0, i.e. in the polar phase, the spatial part of the 3 + 1 tetrad e µ a becomes degenerate, which signals appearance of the 2+1d nodal line. According to the analysis Hořava 8 and the topological classification of Refs. 46, 47 , one expects that relativistic invariance emerges in the low-energy transverse directions. The system effectively transforms to a one-parameter family of 2 + 1 QFTs, with dyads e 1 and e 3 along the transverse directions that depend on the position along the nodal line in Fig.1(b) .
C. Effective 3+1d QED
Let us first consider the effective electrodynamics of the orbital degrees of freedom for the case of the 3+1d polar distorted A-phase, when approaching the polar phase with e 2 = 0. The position of the Weyl point plays the role of pseudo gauge field, A eff = p Fl , with the corresponding pseudo magnetic field
where B = √ B 2 is the quasirelativistic contraction of the pseudo magnetic field,
and E UV is a cutoff scale of the order of the superfluid gap ∆ 0 and the ellipses represent subleading contributions compared to log ×B 2 as B → 0. In superfluid 3 He-A, one has |e 1 | = |e 2 | = ∆ 0 /p F v F = |e 3 |, and neglecting the terms of the relative magnitude ∆ 0 /v F p F 1 one obtains
D. Singularity in the effective 3+1d QED near the degeneracy of the metric.
It is important that both Weyl points of opposite chirality give the same contribution to the effective action. This means that the action depends only on the modulus of the tetrad determinant |e ± | and reflects the fact that the polar phase with det e = 0 is singular from the perspective of the effective 3 + 1d spacetime and QED: the metric becomes degenerate and the effective action diverges. Similarly, when e 2 crosses zero, the sign of the tetrad determinant changes and the left-handed Weyl fermions transform to right-handed ones in the polar distorted 3 He-A phase following after the transition. The singularity in the effective action can be seen from Eq.(11): When the polar state with a degenerate tetrad 3 He-A has two (spin-degenerate) Weyl points of opposite chirality (red stars) at W± = ±pF l with triads e ± a . b) As the triad e2 is varied adiabatically through zero, the polar phase with a nodal line (red) emerges from the poles when e2 = 0. c) For the adiabatic evolutionê2 → −ê2 or a SO(3)-rotation of the whole orbital partl → −l with respect to the laboratory frame, the chirality of the Weyl points interchanges as well.
approaches, i.e. when, say e 2 → 0, one has:
Here we explicitly introduced the unit vectorm along e 1 , i.e. e 1 = |e 1 |ê 1 = ∆0 p Fm and we took into account thatl ·m = 0. The divergence of the quadratic term in Eq. (13) suggests that at the degenerate point of the tetrad, i.e. in the polar phase, where e 2 = 0, the lowenergy effective action with lower power of the gradients emerges. Moreover, in the polar phase one has a nodal line of zeroes and near the nodal line, the low-energy fermions are effectively 2+1d Dirac fermions rather than 3+1d Weyl fermions near the point nodes. For 2 + 1d QED with massless fermions, the leading singularity of the effective low-energy action comes with a B 3/2 term instead of the B 2 ln(E 2 UV /B), see e.g. Ref. 30 . The analogous effective action for the orbital dynamics of the polar phase is discussed in the next section.
Note that the original fermionic action and the Hamiltonian in Eq.(3) do not experience any singularity at the transition to the polar phase when e 2 = m = 0. However, H(p) has axial anisotropy alongl and the theory is not (classically) diffeomorphism nor even Lorentz invariant. The low-energy fermions in Eq. (6), which acquire Lorentz invariance, also experiences no singularity at the transition through e 2 = 0. However, Eq. (6) still lacks the full diffeomorphism invariance, obeying only the invariance under unimoduar coordinate transformations. After the introduction of new tetradsẽ 1 = |e| −1/3 e 1 , e 2 = |e| −1/3 e 2 ,ẽ 3 = |e| −1/3 e 3 and e 0 0 = |e| −1/3 with |ẽ| = |e| 1/3 , the action with the Hamiltoniañ
becomes invariant under the full coordinate transformations. However, it contains a fractional power of the original tetrad determinant. As a result the action becomes non-analytic, in contrast to the original fermionic action. This explains the origin of the non-analyticity in e in the bosonic action: it can be analytic only in theories of unimodular gravity [48] [49] [50] [51] .
III. POLAR PHASE, DEGENERATE METRIC, NON-ANALYTIC 2+1-DIMENSIONAL QED
A. Dirac fermions and 2 + 1d QED in the polar phase
When n = 0 in Eq.(1), one has the polar phase with e 2 = 0 and the BdG Hamiltonian with a nodal line,
where e 1 = c ⊥m with c ⊥ = ∆0 p F
. For e 2 = 0, the two Weyl points transform to the nodal line at p ·m = 0, p 2 = p 
herel is a unit vector perpendicular tom, and m * = p F /v F . The unit vectorê 2 (α) = (l ×m) cos α −l sin α is along the tangent of the nodal line and perpendicular tô p(α). For each α, one has a patch of 2+1d massless Dirac fermions, with the low-energy Hamiltonian
Note that p(α + π) = −p(α), and the point antipodal to α has a Dirac fermion with opposite chirality. We again identify A eff (α) = p(α) as the effective pseudo EM field coupled to the low-energy fermions. To study the fluctuations of the nodal line, we proceed as in the previous section by constructing the effective action for A eff (α). This corresponds to effective orbital gradient energy of the orbital order parameterm of the polar phase induced by the quantum fluctuations of the superfluid vacuum. Let us parametrize the fluctuations of the nodal line induced by a texture of the superfluid order parameterm(r) as follows. Rotations of the polar axism are Goldstone modes of the superfluid vacuum (in experiments,m is fixed by the uniaxial anisotropy of the aerogel sample 43 ). Setm 0 =ẑ and a perpendicular unit vector l 0 =x in a homogenous equilibrium state. Without loss of generalitym(r),l(r) can be chosen as (see Fig. 2 ):
where the slowly varying rotation parameter θ(r)
1.
whereŷ =ẑ ×x.
Let us first consider the 2+1d fermions at α = 0. This is geometrically the 2+1d image of the Weyl point of 3 He-A and A eff (0) = p Fl0 . The only nonzero component of the 2+1d pseudomagnetic field is B y = yzx F zx (i.e. the 2+1d magnetic field is along the neglected third dimension corresponding to the tangentê 2 (0) =ŷ),
here the last equation follows if
i.e. the deformation θ(r) only depends on x. The covariant value of this pseudomagnetic feld is:
The generalization of this expression to α = 0 is
Here one factor of cos 2 α comes from the vector potential δA(α) in Eq. (20), and another factor of cos α comes from the projection of F zx to the transverse (x, z)-plane normal to the nodal line in Eqs. (21,22) , i.e. one has x = x cos α − y sin α, wherex is the local coordinate of the 2 + 1d fermions perpendicular to the nodal line. 
We note that in addition to this, a chiral 2+1d fermion may produce the parity/time-reversal anomaly related to the topological Chern-Simons term 30 . This is forbidden in the time-reversal invariant polar phase. In the chiral A-phase, in addition to (9) one produces the topological Wess-Zumino term 28 related to the chiral anomaly 12 , the coefficient of which changes sign after transition through the polar phase.
Integration of Eq. (25) along the nodal line in momentum space, p F 2π 0 dα |B 2 (α)| 3/4 , gives the non-analytic contribution to the gradient energy density
is the determinant of the 2+1d metric in the dimensions perpendicular to the nodal line and
Substituting the physical parameters of the polar phase (the gap amplitude ∆ P = c ⊥ p F and coherence length ξ = v F /∆ P ), one obtains
The above expression resolves the singularity in the distorted A-phase in Eq. (13), when e 2 → 0. The cross-over contribution between 3+1d and 2+1d in the polar distorted A-phase close to the transition to the polar phase can be approximated as (neglecting the logarithmic factor and leaving only the relevant terms):
C. Creation of quasiparticles by 2 + 1d pseudoelectric field
Adding a pseudoelectric field E = ∂ t A eff = p F cos α ∂ t (ŷ × δm) leads to the substitution √ B 2 → √ B 2 − E 2 in the above formulas 28, 30 , as a result one obtains
When pseudoelectric field is dominating, i.e. B 2 − E 2 < 0, the expression in the brackets becomes negative and the action acquire a non-zero imaginary part, which describes the Schwinger effect, i.e. the production of pairs of Dirac particles from the vacuum. For B = 0, the probability of spontaneous creation of Dirac particles from the vacuum by the pseudoelectric field per unit time per unit volume is:
where B(x, y) is the beta function. The pseudoelectric field can be generated by the time dependent order parameter, which may result in dissipation proportional to ω 3/2 , see Refs. 28,53 for similar considerations for the Aand B-phases of 3 He.
IV. BAND TOUCHING LINE IN A TYPE-II WEYL MATERIAL
Finally, let us briefly discuss a topologically protected band touching or degeneracy surface of Weyl fermions related to the zero of the effective metric determinant. In the general case of interacting (or driven) systems, the Weyl fermions in the vicinity of the band touching are described by a 16 component of the tetrad field e µ a , which enter the linear expansion of the 2 × 2 Green's function 31 , with p µ = (ω, p),
The tetrad components e i 0 and e 0 a are perturbations that parametrize the tilting of the Weyl cone in momentum and frequency space, leading to different types of Weyl fermions. 31, 34 In the case of an isotropic Weyl cone characterized by a single "speed of light" or Fermi-velocity c, the tetrads can be parametrized in terms of two velocity fields v and w:
with the corresponding effective metric
and the determinant
The sign of the determinant of the tetrad field crosses zero either at c = 0 or at c 2 + v · w = 0. The first case is similar to the crossing the polar phase, where the determinant changes sign when one of the speeds of light, the speed of light propagating along e 2 , crosses zero. Let us consider the second case.
The energy-momentum dispersion g µν p µ p ν = 0 is given by the poles of the Green's function, G −1 (ω, p) = 0 and it consists of the two bands:
The two bands are degenerate when the square root in Eq. (39) is zero, i.e. at
where p and p ⊥ are components of momentum parallel and transverse to w respectively. Let us consider the case when w < c and v > c, which corresponds to an overtilted or type-II Weyl fermions with a frequency-momentum normalization w. Then Eq. (40) is satisfied when p ⊥ = 0 and c 2 + v · w = 0, i.e. at the transition, at which the determinant of the tetrad changes sign and the righthanded fermions transform to the left-handed ones 23, 24 . At this transition the two bands touch each other at the line p × w = 0, where
In contrast to the Dirac nodal line in the polar phase of 3 He, here the band touching or degeneracy does not occur at zero-energy (i.e. at the chemical potential). For the latter to occur, a symmetry protecting the degeneracy at zero energy is required, such as chiral symmetry and/or time reversal symmetry in the polar phase of 3 He. Nevertheless, the surface of band touching is still topologically protected, see for example 22, 38 .
V. CONCLUSION
In this paper, we considered the effective 3+1d and 2+1d QED coupled to massless Weyl and Dirac fermions and the associated Euler-Heisenberg effective actions in the orbital dynamics of polar distorted superfluid 3 He-A. In particular, one can continuously dial between the 3+1d Weyl and 2+1d Dirac fermions by tuning the orbital structure of the order parameter 43 . We considered the transition in terms of the effective spacetime experienced by the low-energy fermions via the emergent tetrad fields. In this condensed matter setting, one can realize the transition from "spacetime to anti-spacetime" 23 . In superfluid 3 He the change of the determinant of the Weyl fermion tetrad field occurs through the topological Lifshitz transition of the Bogoliubov-Fermi line associated with the polar phase with a degenerate zero tetrad component. While the action for fermions is different in spacetime and antispacetime, the effective action for the bosonic fields (effective electromagnetic and gravity fields) is the same for both tetrads. The bosonic action is proportional to √ −g = | det e| and this is a non-analytic function of the determinant of the tetrad field det e. The nonanalytical behavior is demonstrated at the transition, where the tetrad field becomes degenerate. This leads to the topologically protected Dirac nodal line in the polar phase and to the band touching surface in Weyl semimetals. When the Lifshitz transition is approached the bosonic action develops a singularity, at which the 3 + 1d action effectively transforms to a one-parameter family of 2 + 1d Dirac fermions. In particular, the Schwinger pair production of massless fermions by the effective electric field, which is proportional to E 2 in 3 + 1d quantum electrodynamics and in Weyl superfluid 3 He-A, transforms to the E 3/2 behavior in the polar phase, which will be a definitive characteristic of the 2 + 1 quantum electrodynamics emerging near the nodal Dirac line.
We note that we focused on the Euler-Heisenberg effective actions and did not consider any possible topological terms of the effective action that are related to anomalies: the chiral anomaly and Wess-Zumino term for 3 He-A and the parity anomaly for the 1d family of 2+1d Dirac fermions. 54 The latter is not relevant for the 3+1d polar phase which is time-reversal invariant, while the Wess-Zumino term in distorted 3 He-A changes sign after transition through the polar phase.
The original fermionic action is analytic and remains analytic across the Lifshitz transition through the superfluid states corresponding to the degenerate tetrad. The fermionic action can be rewritten in the fully covariant way, but after that it becomes nonanalytic in the tetrad field. This nonanalyticity is extended to the effective bosonic action and is a natural consequence of the emergent quasirelativistic symmetry of the low-energy condensed matter system. This gives one suggestive answer to the question posed by Diakonov 25 and Rovelli et al. 23 : "Anti-spacetimes" with det e < 0 may exist and they contribute trivially to quantum gravity in a sense that the emergent bosonic action does not resolve between spacetime and anti-spacetime, since it is proportional to | det e|. This is in contrast to topological terms in the effective action which arise often due to anomalous discrete transformations relating spacetime and anti-spacetime.
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